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We obtain the entropy of a static spherically symmetric wormhole from the entropy of matter
consisting it. Some exact wormhole solutions are analyzed in detail and their entropies are obtained.
We display the asymptotic forms of the entropy for solutions having regular asymptotic regions in
which matter spreads to infinity. In the analysis, we find that the combination of ADM massesM≡
α+M+ +α−M− plays an important role in thermodynamics of a wormhole, where α± ≡ lim
r→∞
√−gtt
in the upper/lower half, respectively.
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I. INTRODUCTION
A wormhole is an interesting object which connects distant asymptotic regions through a handle, of which length
could be short enough irrespective of the distance outside. It appears as a solution of Einstein equation, however,
its unique geometry obscures various previously accepted concepts in general relativity presenting an opportunity to
reconsider them. To form a wormhole throat in general relativity, ‘exotic’ or ‘phantom’ matter is necessary [1, 2].
One may construct a time machine [3, 4] and may have ‘charge without charge’ [5]. The ADM mass measured in
one side of the wormhole may not be identical to that in the other side [3, 6]. For a comprehensive review of the
topic, please see the book [7]. Variations of the wormhole models were also developed. A phantom free models [8], a
charged wormhole [9], and wormholes in modified theories of gravity [10–14] were studied. Stability of a wormhole
were also studied [15, 16]. The possibility of observing a wormhole from the movement of stars has been discussed
recently [17, 18]. Wormholes have also drawn interests as a test-bed to understand quantum entanglement [19, 20].
The study of wormholes as physical entities in understanding the quantum-gravity era is getting more important than
ever at this juncture.
Thermodynamical laws play crucial roles in describing a macroscopic system. Thermodynamic properties provide
a star with matter equation of state composing it. As for a black hole, its main characteristics are the same as
those of thermodynamics [21]. Even in the presence of gravity, the ordinary thermodynamical laws work well in a
simply connected spacetime having one asymptotic region. Asymptotic temperature here serves as the key parameter
describing the thermal equilibrium [22]. However, when a spacetime has various asymptotic regions or is connected
multiply, the ordinary thermodynamic laws do not apply as shown in Ref. [6]. Typical examples having the properties
are the wormhole spacetimes, such as a wormhole between universes and a wormhole within a universe. There are a
few reasons. i) The total energy of a wormhole is difficult to identify. ii) The entropy of a wormhole is not yet known.
iii) The asymptotic temperature of a wormhole fails to characterize its thermal equilibrium. For an inter-universe
wormhole, these difficulties originate from the fact that there are many asymptotic regions. Because of that, the
ADM mass of a wormhole measured in one asymptotic region may not be identical to that of the other. For an
intra-universe wormhole, the ADM mass is ill-defined even though there is one asymptotic region. The time-like
Killing vector field may not exist even though the spacetime is locally static everywhere. In this work, we are mainly
interested in inter-universe wormholes. For an intra-universe one, we discuss briefly in the last section.
Let us begin with the metric of an inter-universe wormhole spacetime. Assuming spherical symmetry, the geometry
of the upper/lower half with respect to the wormhole throat can be described by the line element,
ds2± = −f±(r)dt2 +
1
1− 2m±(r)/rdr
2 + r2dθ2 + r2 sin2 θdφ2, r ≥ b, (1)
where the ± represents the upper/lower half and b represents the size of wormhole throat. The upper and the lower
geometries should be adjoined at r = b smoothly. Therefore, there are two spheres with the same radius r(> b) each
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2in the upper and the lower halves. The mass function m±(r) is
m±(r) =
b
2
+ 4pi
∫ r
b
r′2ρ±(r′)dr′, (2)
where ρ±(r) represents the matter density composing the wormhole. Here, we have imposed the mass function to have
the value b/2 at the wormhole throat. The metrical function f±(r) and m±(r) will be determined by the Einstein
equation.
Let the mouths of the wormhole be located at r± for the upper/lower half so that the matter be confined in
b ≤ r ≤ r±. The geometry outside of the mouths is described by the Schwarzschild metric,
ds2± = −α2±
(
1− 2M±
r
)
dt2 +
1
1− 2M±/rdr
2 + r2dΩ2, r ≥ r±, (3)
where M± represents the ADM mass of the wormhole measured in the upper/lower half and α2± ≡ lim
r→∞ f±(r).
The thermodynamic equilibrium condition in the presence of a wormhole was studied in Ref. [6]. There, a generalized
temperature was proposed which identifies the thermal equilibrium between systems. In the work, the authors have
assumed that the entropy of a wormhole comes from the matter consisting it. Given the asymptotic temperature
T±asym for the wormhole, the generalized temperature becomes
T ≡ α+T+asym = α−T−asym. (4)
There are a few merits in the use of the generalized temperature. i) The generalized temperature is unique everywhere
even if the space has many asymptotic regions. ii) The generalized temperature is well-defined even for an intra-
universe wormhole. iii) As shown in the work, the generalized temperature can be obtained from the physical data
localized at a point. This is in contrast to asymptotic temperature, which requires data at infinity also.
The matter consisting the wormhole is anisotropic in general. The stress tensor for an anisotropic fluid compatible
with the spherical symmetry must be diagonal and the pressure must be isotropic in its angular directions. In the
present work, we consider a linear equation of state that the radial and the angular pressures to be proportional to
the density:
p1 = w1ρ, p2 = w2ρ. (5)
The entropy, then, can be obtained by integrating the entropy density s over spatial volume,
SWH = S
+(r+) + S
−(r−); S±(r) ≡
∫ r
b
dΣ±sa±na =
∫ r
b
L±(r′)dr′, (6)
where S±(r) represents the total entropy of matter in r in the upper/lower half. The Lagrangian-like term is
L±(r) ≡ 4pir
2s±(r)√
1− 2m±(r)/r
, (7)
where s±(r) denotes the entropy density of matter at r in the upper/lower half. The entropy density for an anisotropic
matter was given in Ref. [23].
In Sec. II, we reduce the Einstein equation for a wormhole spacetime to a first order autonomous equation in a
two-dimensional plane. We also show a few important properties of the solution curve on the plane. In Sec. III,
we obtain the general entropy formula for a wormhole by integrating the entropy density of matter over volume. In
Sec. IV, we calculate entropies of a few exact wormhole solutions. We also study some properties of the exact solutions
which were not mentioned in the previous literatures. In Sec. V, we summarize the results.
II. EINSTEIN EQUATION AND WORMHOLE SOLUTIONS
Most of the results in this section are brief summaries of Refs. [24, 25], up to some tweaks to the notation to simplify
writing and discussion.
The outside geometry for r ≥ r± is nothing but the Schwarzschild solution given in Eq. (3) with ADM mass M±.
The Einstein equation describing the handle part of a spherically symmetric wormhole is based on the metric (1). It
gives, in addition to Eq. (2),
f ′±
f±
=
2(m± + 4pir3p±1)
r2 (1− 2m±/r) . (8)
3This equations and Gθθ = 8piT
θ
θ give the modified Tolman-Oppenheimer-Volkhoff (TOV) equation:
dp±1
dr
= − ρ± + p±1
r(r − 2m±)
(
m± + 4pir3p±1
)
+
2
r
(p±2 − p±1). (9)
To simplify the differential equation, we introduce two scale invariant variables,
u =
2m±(r)
r
, x = v−1b
dm±(r)
dr
=
4pir2ρ±(r)
vb
; vb = − 1
2w1
. (10)
An interesting finding on this scale invariant variables is that the throat values are determined to be
(uthroat, xthroat) = (1, 1).
Using the variables, the TOV equation (9) can be reduced to a first order autonomous equation,
du
dx
=
1
F (u, x)
≡ 2q (1− u)[(1− q
−1)x− u]
x[x− 1 + s(1− u)] , x ≡
v
vb
, (11)
and a radial equation
dy
y
=
dr
r
=
du
(1− q−1)x− u = 2q
1− u
x− 1 + s(1− u)
dx
x
, y ≡ r
b
. (12)
Here q and s are constants introduced for notational convenience and are determined by the equation of states as
follows:
q =
w1
1 + w1
, s = 1 +
4w2
1 + w1
. (13)
For a wormhole throat to exist as shown in Ref. [24], q must be positive, not 1, that is, w1 < −1 or w1 > 0. The
signature of the density is always the same as vb, so x must be a non-negative number. In this work, we do not put ±
indices in u and x variables because it is self-explanatory which half (upper or lower) the given point (u, x) belongs
to, as will be shown soon. Rather, we use (u±, x±) to denote boundary values at the mouths of the wormhole. Given
a set of boundary data (u+, x+), the autonomous equation (11) presents a unique solution curves C on the (u, x)
plane. Let us summarize a few important properties of solution curves from the wormhole point of view.
1. Any solution curve having a wormhole throat fails to pass the two lines u = 1 and v = 0.
2. A wormhole throat forms at (u, x) = (1, 1). Around the throat, the solution curve Cκ and the corresponding
radial solution to zeroth order is
Cκ : κ(1− u) =
(
x− u)2, y = 1 + q(1− u). (14)
Here, κ denotes the amount of asymmetry1 between the upper and the lower halves. We divide Cκ into two
pieces + (x > u) and − (x < u), according to the signature of x at the just outside of the throat. We call them
the upper and the lower halves of the curve, respectively. When κ = 0, the symmetric solution u = x appears.
For a given equation of state, solution curves are uniquely characterized by κ.
3. The radius increases as the point on the curve moves away from the throat value.
4. Exact solution curves were found when s = 0 and s = −1. In other cases, numerical solution curves were
described.
Given a point (u, x), one can clearly determine which piece of Cκ the given point belongs to. So one does not need
“±” in (u, x) because it is self-evident.
The undetermined metrical function in Eq. (1) becomes
f±(r) = fbx−2qys−1, (15)
where fb is the value of the metric function at the throat.
1 The variable κ denotes (κv2b )
−1 in the paper [24]. This notational change make it easier to represent the symmetric limit.
4III. ENTROPY OF MATTER IN A WORMHOLE
The relation between the entropy density and the energy density must be dependent only on the physical properties
of matter itself. The entropy density of an anisotropic matter is, in Ref. [23],
s±(v, r) = (1 + w1)σ
∣∣∣ρb′
σ
∣∣∣ 11+w1 (ρ±
ρb′
) 1
1+w1
( r
b′
) 2(w2−w1)
1+w1
= (1 + w1)σ
∣∣∣ρb′
σ
∣∣∣1−q ( x
xb′
)1−q ( r
b′
) s−5
2
, (16)
where σ is a constant which depends on the species of the matter. Here, we introduce an arbitrary radial scale b′ and
density scale ρb′ to make the dimension of σ to be the same for all wi and to remove the ambiguity on the signatures
in ρ±. From now on in this work, we choose the scales to be those at the wormhole throat: xb′ = xb = 1 and b′ = b.
For notational simplicity, we introduce σ′ ≡ σ |ρb/σ|1/(1+w1) = σ
∣∣vb/4pib2σ∣∣1−q. Using the entropy density, the
Lagrangian-like term in Eq. (7) becomes
L±(r) ≡ 4pi(1 + w1)σ
′r2√
1− 2m±(r)/r
(
ρ±(r)
ρb
)1−q (r
b
) 2(w2−w1)
1+w1
=
2piσ′b2
−qvb
x1−qy
s−1
2√
1− u , (17)
where we use x and y in Eqs. (11) and (12). For L± to be positive, −σ′/vb = 2w1σ′ > 0. Let the values of (u, x) at
r = r± to be (u±, x±). Note that the variational equation of L± with respect to m(r) presents the TOV equation (11),
which respects the so-called maximum entropy principle [26]. The total entropy can be obtained by integrating L±
as in Ref. [23],
S± ≡
∫ r±
b
L±(r)dr = S(u±, x±, y±)− S±(b), (18)
where S(u, x, y) is an entropy function given by
S(u, x, y) =
r
2
2m/r + 8pir2p1
ρ+ p1 + 2p2
s(r)
(1− 2m/r)1/2 =
4pib3σ′
vb(s+ 1)
(u− x)x−q√
1− u y
s+1
2 . (19)
Note that S(u, x, y) changes its signature at the line u = x. This signature change does not imply that a physical
entropy can take a negative value because it is defined by the difference in Eq. (18).
Let us consider the s 6= −1 case. We deal the s = −1 case in a separate Sec. IV B. Note that at the wormhole
throat, by using Eq. (14),
S±(b) = lim
r→b
S(u, x, r) =
4pib3σ′
vb(s+ 1)
lim
r→b
−(1− u) + 1− x
(1− u)1/2 x
−qy
s+1
2
=
4pib3σ′
√
κ
vb(s+ 1)
lim
x→1±
1− x
|1− x|x
−qy
s+1
2
= ∓4pib
′3σ′
√
κ
vb(s+ 1)
. (20)
Here ± = sign(x−1) represents the upper/lower half. Putting the result into Eq. (18), the total entropy of the throat
including both sides becomes
SWH = S
+(u+, x+, y+) + S
−(u−, x−, y−);
S±(u, x, y) =
4pib3σ′
vb(s+ 1)
[
u− x√
1− ux
−qy
s+1
2 ∓√κ
]
, s 6= −1. (21)
Here u±, x±, and y± represent the corresponding values at the mouths of the upper/lower half. Note that the s→ −1
limit is well-defined when u−x√
1−ux
−q =
√
κ. In fact, this relation presents an exact solution for the case. To get the
entropy of the system by using the limit, one need to know solutions of (u, x, y) to the first order of s + 1. Taking
the limit s→ −1 after putting the first order solution to Eq. (21), one may obtain the entropy with s = −1. In this
work, we rather take a simpler way than the limiting process. We integrate of the entropy density directly, which
calculation is shown in Sec. IV B.
5IV. ENTROPY OF SOME EXACT WORMHOLE SOLUTIONS
In this section, we calculate the entropies of exact wormhole solutions and near throat solutions. We also calculate
entropies of asymptotically flat wormholes in which matter spreads throughout the universe. The solutions we deal in
this section hold only in the matter-filled region. The region outside will be described by the spherically symmetric
vacuum Schwarzschild solution.
A. The entropy of a wormhole with matter equation of state s = 0
In this case, the equation of state satisfies 1 +w1 + 4w2 = 0. We consider the geometry of a wormhole handle, filled
with matter, between the two mouths. The solution curve describing the handle located at x− ≤ x ≤ x+ is given
by [24]
1− u = (1− x)
2
1 + 2q1−2qx+
(
κ− 11−2q
)
x2q
. (22)
They are characterized by κ, the amount of asymmetry in Eq. (14). A radial scale is given by the throat size b. Now,
once the position of mouths x± are given, every data of the wormhole solution are fixed. Summarizing, we have four
independent data (κ, b, x+, x−). The radius satisfies
y ≡ r
b
= κ−1x−2q
[
1 +
2q
1− 2q x+
(
κ− 1
1− 2q
)
x2q
]
. (23)
For the lower half, y varies from 1 to infinity as x decreases to zero. For the upper half, y monotonically increases
from 1 to a finite value 1 + [κ(2q− 1)]−1 for q > 1/2 with x. For 0 < q < 1/2, it goes to infinity as x→∞. The mass
function becomes
m(x) =
b
2κ
[
2(1− q)
1− 2q x
1−2q − x2−2q + κ+ 1
2q − 1
]
. (24)
When 0 < q < 1/2, the mass approaches a finite value as x→ 0 (r− →∞). On the other hand, it goes to infinity as
x→∞ (r+ →∞). When q > 1, the mass approaches a finite value as x→∞ but diverges at x = 0. The metric now
can be written as, by using x as a radial coordinate,
ds2 = − fb
x2qy(x)
dt2 +
4b2q2
κ
y(x)
x2+2q
dx2 + b2y(x)2dΩ2, x− ≤ x ≤ x+.
The entropy (21) for the upper and the lower halves become
S± =
4pib3σ′
√
κ
vb
[
(−(1− u±) + 1− x±)
x−q± y±√
κ(1− u±)y±
± 1
]
= ±4pib
3σ′
vb
√
κ
1− x1−2q±
1− 2q ≥ 0. (25)
S± = 0 at the throat by definition. When q > 1/2 (|w1| > 1), S− diverges at x− = 0. The value of S+ remains finite
for all x+ ≥ 1. On the other hand when 0 < q < 1/2 (0 < w1 < 1), S− remains finite for all 0 ≤ x− ≤ 1 but S+
diverges as x+ → ∞. This behavior is consistent with the mass form in Eq. (24). The distribution of the entropy
around the throat is closer to a symmetrical form with a smaller q. On the other hand, as w1 gets closer to −1−
(q →∞), the distribution becomes more asymmetric.
Given the values x± at the mouths, the entropy of the wormhole now becomes
SWH = S
+ + S− =
4pib3σ′
−vb
√
κ
× x
1−2q
+ − x1−2q−
1− 2q . (26)
The entropy for the case q = 1/2 can be obtained from the q → 1/2 limit of Eq. (26).
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FIG. 1: The entropy inside each mouth −vb
√
κ
4pib3σ′ S
±. Here, q = 2, 3/2, 1, 0.50005, and 0.05, respectively for gray, black, blue, red,
and purple curves. The throat is located at x = 1. S± is plotted in the region x ≷ 1, respectively.
B. The entropy of a wormhole with matter s = −1
In this case, 1 + w1 + 2w2 = 0. As in Ref. [24], a solution curve Cκ for a general wormhole handle is given by
κ(1− u) = (x− u)2 x−2q. (27)
The symmetric solution x = u appears when κ = 0. Using x− u = x− 1 + (1− u), u can be expressed as a function
of x:
1− u = 1− x+ κ
2
x2q ∓√κxq
√
κ
4
x2q + 1− x =
(√
κ
2
xq ∓
√
κ
4
x2q + 1− x
)2
. (28)
Here, the solution curve Cκ is divided into two pieces, the Left (+) and the Right (−), because u is double valued with
respect to x. This division is different from the previous upper/lower half with respect to the throat. The behaviors
of the solution curves are divided into two classes depending on the existence of a real-valued root of the equation,
κ
4
x2qM + 1− xM = 0. (29)
When κ > 2q−1(1−1/2q)2q−1, there is no real root. In this case, the Left and the Right curves do not meet each other
and represent distinct solution curves. Each curve presents a unique solution of Einstein equation. The Right curve
contains a wormhole throat at x = 1. We are not interested in the Left curve because it does not contain a wormhole
throat. When κ ≤ 2q−1(1−1/2q)2q−1, the Left and the Right curves are connected smoothly at (u, x) = (2−xM , xM )
to form one solution curve Cκ. There, x takes its maximum. The Left curve satisfies u ≤ uM < 1 and stays away
from the throat. The Right curve contains a wormhole throat at u = 1.
Let us first consider the case with κ > 2q−1(1 − 1/2q)2q−1 and q > 1/2. The Right curve describes the wormhole
throat, where x varies from zero to infinity. Because κ cannot vanish, there is no symmetric solution. The radius of
the asymmetric solution satisfies, from Eq. (12),
r
b
= y = x−q × exp |Iq,κ(x)| , (30)
where
Iq,κ(x) ≡ q
√
κ
2
∫ x
1
x′q−1dx′√
κ
4x
′2q + 1− x′ . (31)
As x→ 0, it approaches a constant value forming an asymptotic region. For large x, exp |Iq,κ(x)| behaves as ec × xq
with positive c. Therefore, r → bec as x→∞. The mass takes the form,
m(x) =
byu
2
=
b
2
[
x1−q − κx
q
2
+
√
κ
√
κ
4
x2q + 1− x
]
exp |Iq,κ(x)| . (32)
7When q > 1, the mass function diverges in the both limits x → ∞ and x → 0. On the other hand, when 0 < q < 1,
it goes to infinity or approaches a finite value for x→∞ or x→ 0, respectively. The metric function f±(r) becomes
f±(r) = fb exp
(− 2 |Iq,κ(x)| ). (33)
Here, ± represents both ends of the solution curve.
To find the entropy, one may resort to the formula (21). To get the s → −1 limit, one need to find a first order
solution of Eq. (11) to the order O(s+1). Then, one can take the limit. However, the calculation is quite cumbersome.
Here, to get the total entropy, SWH = S
− + S+, we directly integrate L±,
L± =
2piσ′b2
−qvb
x1−qy−1√
1− u =
2pib2σ′
√
κ
−qvb
x
|x− u|y . (34)
The integration becomes, by using Eqs. (27) and (28),
S± =
∫ r±
b
L±dr =
4pib3σ′
−vb |Kq,κ(x±)| (35)
where
Kq,κ(x) ≡
∫ x
1
x′−q√
κ
4x
′2q + 1− x′ dx
′. (36)
The entropy at each side of the handle always increases with r±. As can be seen from Eq. (36), S− diverges as x→ 0
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FIG. 2: The entropy inside each mouth −vb
4pib3σ′ S
±. Here, q = 2/3 (L) q = 2 (R) and κ = 0 (the symmetric solution), 0.2 and
0.4, respectively for blue, gray and black curves. The wormhole throat is located at x = 1. Of the two curves of the same color,
S± corresponds to the right/left curve of the blue one, respectively.
when q > 1. On the other hand, it converges to a finite value in the limit when 0 < q < 1. Regardless of the value of
q, the entropy S+ approaches a finite value as x→∞.
We next consider the case κ ≤ 2q−1(1 − 1/2q)2q−1. The symmetric solution u = x belongs to this case and its
radius satisfies y = x−q. Let us consider an asymmetric solution. The formula for the Right solution is exactly the
same as Eqs. (30), (32), and (33) except for the range of x and u are restricted to 0 ≤ x ≤ xM and uM ≤ u ≤ 1.
Therefore, it is enough to write the Left solution here. In Eq. (28), the Right solution curve is smoothly connected
to the Left curve at x = xM . The range of u and x for the Right solution curve are 0 ≤ x ≤ xM and 0 ≤ u ≤ uM ,
respectively. The areal radial coordinate becomes
r
b
= y = x−q × exp |2Iq,κ(xM )− Iq,κ(x)| . (37)
At the present case, both ends of the solution curve Cκ are located at (u, x) = (0, 0). As x→ 0, the function Iq,κ(x)
goes to a constant number. Therefore, the radius goes to infinity in the limit forming two asymptotic regions at both
ends. The mass for the Left solution becomes
m(x) =
b
2
[
x1−q − κx
q
2
−√κ
√
κ
4
x2q + 1− x
]
exp [2Iq,κ(xM )− Iq,κ(x) ] . (38)
8The mass function goes to infinity or approaches a finite value when q > 1 or 0 < q < 1, respectively. The metric
function f+(r) for the Left solution becomes
f+(r) = fb × exp [−4Iq,κ(xM ) + 2Iq,κ(x)] . (39)
The entropy S− for the bottom half is given by the same formula as Eq. (35). On the other hand, to calculate
S+, we need to consider both the Right and the Left solution curves depending on the value of u relative to uM . We
should first integrate L+ along the Right curve from u = 1 to uM and then continue to integrate it along the Left
curve. Therefore, S+ becomes
S+ =
∫ r+
b
L+dr =
4pib3σ′
−vb
[
θ(u+ − uM )Kq,κ(x+) + θ(uM − u+)
(
2Kq,κ(xM )−Kq,κ(x+)
)]
. (40)
The entropy S+ increases with r+. As can be seen from Eq. (36), S
+ diverges as x→ 0 when q > 1. When 0 < q < 1,
S+ approaches a constant value in the limit. This behavior of entropy is consistent with that of mass in Eq. (38).
C. Thinshell wormhole case
Consider a thin-shell wormhole in which matter is localized around the throat, i.e., r± ∼ b. See Ref. [27] for its
construction. A nearby solution around the throat is enough to describe the geometry. For this purpose, we introduce
a new radial coordinate
z = 1− x.
The zeroth order solution is nothing but κ(1− u) = z2 in Eq. (14). To calculate the entropy of the wormhole, we
need a solution an order higher. Considering a power law solution around z = 0, we find the next order solution of
Eq. (11),
1− u = κ−1z2[1 + 2 (q + sκ−1) z + · · · ]. (41)
Using Eqs. (41) and (12), the radius and the mass satisfy
y = 1 +
q
κ
z2 + · · · , m(r) = byu
2
≈ b
2
(
1 +
q − 1
κ
z2 + · · ·
)
. (42)
Using these results, the entropy (21) in the upper/lower half of the wormhole becomes
S± =
4pib3σ′
−vb
√
κ
|z|. (43)
Therefore, the total entropy of a wormhole is
SWH =
4pib3σ′
−vb
√
κ
(|z+|+ |z−|); z± = v±
vb
− 1. (44)
Note that the proper-radial length at the throat is ∆ ≡ δr/√1− u ≈ 2bq/√κ × δz where δz = |z|. Putting this to
the entropy formula, we get the entropy to be
SWH ≈ σ
′
−2vbq × V ; V = 4pib
2(∆+ + ∆−),
where V is nothing but the volume of the handle when |z±|  1. This result is clearly consistent with the entropy
density in Eq. (16).
D. Entropy of a regular asymptotic wormhole
In most cases, the matter in a wormhole is assumed to be restricted to a narrow region around the throat or at
least in a handle. But even if matter spreads to infinity to form regular asymptotic regions, it is physically sound. In
the case of a wormhole spacetime consisting of a single anisotropic matter, it was shown in Ref. [24] that a regular
9asymptotic region exists only when 0 < γ < 1 where γ ≡ −w1/2w2. The asymptotic behavior of the wormhole
solutions happens around (u, x) = (0, 0) and is given by
u = − 2vbγ
1− γ x+ q±x
γ ; x 1, (45)
where q± is a constant representing asymptotic property of the upper/lower half. In general, it must be related with
the asymmetry κ. Explicitly, for the solution in Sec. IV A, γ = 2q and q− = (1− 2q)−1−κ. q+ is not defined because
the solution does not have an asymptotically free region. For the solution in Sec. IV B, γ = q and q± = ±
√
κ.
The radius and the mass function take the form,
r = b±x−γ , m±(r) =
ur
2
=
b±
2
[
q± − 2γvb
1− γ
(
r
b±
)(γ−1)/γ]
. (46)
where b± is a length scale which must be related to b. Explicitly, for the exact solution with s = 0 in Sec. IV A,
b− = b/κ. We cannot identify b+ because there is no asymptotic region. For the exact solution with s = −1 in
Sec. IV B, for the case κ < 2q−1(1− 1/2q)2q−1,
b− = b exp |Iq,κ(0)| the Right, b+ = b exp |2Iq,κ(xM )− Iq,κ(0)| the Left. (47)
For the case κ > 2q−1(1− 1/2q)2q−1, b− is given by the same equation but b+ is ill-defined.
The ADM mass of the wormhole in the upper/lower half becomes
M± = lim
r→∞m±(r) =
b±q±
2
.
The metric function (15) takes the form
f±(r) = α2±
(
1− 2M±
r
+ · · ·
)
; α± =
√
fb
(
b±
b
)− qγ
. (48)
The entropy inside r of the upper/lower half of the wormhole is
S± =
4pib3σ′
√
κ
vb(s+ 1)
 1√
κ
(
b±
b
)1− qγ q± − s+12q+1−sx1−γ√
1− q±xγ − 2γvbγ−1 x
± 1
 . (49)
Therefore, the total entropy of the thin-shell wormhole becomes
SWH =
8pib2σ′
vb(s+ 1)
M+(b+
b
)− qγ 1− s+12q+1−sq−1+ x1−γ+√
1− q+xγ+ − 2γvbγ−1 x+
+M−
(
b−
b
)− qγ 1− s+12q+1−sq−1− x1−γ−√
1− q−xγ− − 2γvbγ−1 x−
 . (50)
In the r →∞ limit, the entropy approaches a finite value
lim
r→∞SWH =
8pib2σ′
vb(s+ 1)
[
M+
(
b+
b
)− qγ
+M−
(
b−
b
)− qγ ]
=
4pib2σ′
vb
√
fb(s+ 1)
(
α+M+ + α−M−
)
. (51)
Note that σ′/(−vb) determines the signature of the entropy density. Therefore, to have a positive definite entropy,
the signature of s+ 1 = 2(1 + w1 + 2w2)/(1 + w1) should be different from that of
M≡ α+M+ + α−M− = b
√
fb
2
[(b+
b
)1−q/γ
q+ +
(b−
b
)1−q/γ
q−
]
. (52)
This presents a global constraint on the ADM masses of a wormhole, given by what constitutes the wormhole. For
the solution with s = −1 in Sec. IV B, this constraint determines M = 0 for every solutions having two asymptotic
regions in which matter spreads over.
10
V. SUMMARY AND DISCUSSIONS
We have obtained the entropy of a static spherically symmetric wormhole based on the assumption that the entropy
comes from the matter entropy constituting the wormhole. The entropy density of anisotropic matter having linear
equation of state, pi = wiρ, was given as a function of density and radius. We integrated the entropy density over
spatial volume of the wormhole to get the total entropy. Wormhole solutions were expressed as integral curves on two
dimensional (u, x) plane where u = 2m(r)/r and x = −8piw1r2ρ, respectively. A solution curve smoothly connects
the boundary data (u+ = 2M+/r+, x+ = −8piw1r2+ρ+) at r+ in the upper half of the wormhole with those at r− in
the lower half through the throat at (u, x) = (1, 1). We have found that the entropy of a wormhole is given by, for
1 + w1 + 2w2 6= 0,
SWH = S
+ + S−; S± =
−8pib3σ′w1
s+ 1
[
u± − x±√
1− u±x
−q
± y
s+1
2± ∓
√
κ
]
, y± ≡ r±
b
,
where κ represents the asymmetry between the upper and the lower halves and q, s are constants determined from
the equation of state given in Eq. (13). Even though this is a general formula, it contains many dummy data come
from the mouths at r = r± and from the throat at r = b. To remove the dummies, one should put the exact solution
curve and the radial dependence.
Explicitly, we have shown three exact entropy forms for 1 + w1 + 2w2 = 0, 1 + w1 + 4w2 = 0, and the near-throat
solutions. Based on the exact solutions, simplified forms of the wormhole entropies were presented. We also displayed
the entropy for the asymptotic solutions. The entropy of the asymptotic limit is proportional toM≡ α+M++α−M−
where α± ≡ lim
r→∞
√−gtt in the upper/lower half, respectively. An interesting conclusion is that the signature ofM is
fully determined by the signature of (1 +w1 + 2w2)/(1 +w1). Explicitly,M = 0 for every regular wormhole solutions
consisting of matter satisfying 1 + w1 + 2w2 = 0, where the matter is allowed to spread over the whole space. This
strongly suggests that M could be an important physical parameter for the wormhole system representing a total
energy.
In Ref. [6], the thermal equilibrium was defined unambiguously based on the generalized temperature in Eq. (4).
Considering a volume preserving (here we simply assume r± does not change) process of heat flow through the mouths
of a wormhole, the first law of thermodynamics can be written as
δSWH = T
−1
+ δM+ + T
−1
− δM− = T
−1δM,
where T is the generalized temperature and T± is the asymptotic temperatures of the wormhole at the upper/lower
half, respectively. This equation also present the total energy to be the same combination of ADM masses.
So far we have assumed that the wormhole is an inter-universe one. Even if one considers an intra-universe
one, entropy calculations may not be different if the matter is confined to the handle. But if the matter spreads
throughout the entire space, forming a regular asymptotic wormhole, some discussion are required. The spacetime
is locally static but not globally static in that the metric component gtt(∞) may not be uniquely defined. Then,
the Tolman temperature must be ambiguous. Even with all of these troubles, thermal equilibrium can be defined
unambiguously based on the generalized temperature. Thus, we expect that the same form of thermodynamic law is
applicable. Still, we need to clarify the wormhole temperature based on the heat flow which consider the geometrical
back-reaction of a wormhole. This is the future direction of our research.
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